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SUMMARY 
The mechanism of  merging of  l i k e- s i g n e d  a i r c r a f t  v o r t i c e s  leads 
t o  a r a p i d  r e d i s t r i b u t i o n  o f  t r a i l e d  v o r t i c i t y  i n  a wake through 
bo th  convec t ive  and t u r b u l e n t  p r o c e s s e s .  Merging i s  i n v e s t i g a t e d  
exper imen ta l ly  i n  a small wind t u n n e l  and a n a l y t i c a l l y  th rough  t h e  
use  o f  a code which computes t u r b u l e n t  t r a n s p o r t  u s i n g  a second- 
o r d e r  c l o s u r e  t u r b u l e n t  model. Computations a r e  r e p o r t e d  which 
demonst ra te  t h e  merging phenomenon,and comparisons are made w i t h  
exper imen ta l  r e s u l t s .  The u s e f u l n e s s  o f  p o i n t  v o r t e x  computat ions 
i n  p r e d i c t i n g  merging i s  exp lo red .  L i m i t e d  computat ions have shown 
t h a t  j e t  exhaus t  does no t  a p p r e c i a b l y  a l t e r  t h e  merging phenomenon. 
The e f f e c t  o f  ambient a tmospher ic  t u r b u l e n c e  on t h e  a g i n g  o f  an 
a i r c r a f t  wake i s  i n v e s t i g a t e d  a t  c o n s t a n t  t u r b u l e n t  d i s s i p a t i o n  
r a t e .  It i s  shown t h a t  under s t a b l e  a tmospher ic  c o n d i t i o n s ,  when 
a tmospher ic  macrosca les  are less t h a n  or e q u a l  t o  t h e  v o r t e x  
spac ing ,  mis lead ing  r e s u l t s  may be  o b t a i n e d .  T h i s  conc lus ion  
c a u t i o n s  a g a i n s t  u s i n g  one parameter  t o  c h a r a c t e r i z e  the  a b i l i t y  o f  
t h e  atmosphere t o  d i s s i p a t e  a i r c r a f t  wake v o r t i c e s .  
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I INTRODUCTION 
The hazard  a s s o c i a t e d  w i t h  an a i r c r a f t ' s  t r a i l i n g  v o r t e x  wake 
i s  g e n e r a l l y  acknowledged t o  b e  t h e  large r o l l i n g  moments induced 
on a n  encoun te r ing  a i r c r a f t .  These r o l l i n g  moments are r e l a t e d  t o  
t h e  a n g u l a r  momentum con ta ined  i n  t h e  wake i t s e l f .  The magnitude o f  
a n g u l a r  momentum can be  d i r e c t l y  e s t i m a t e d  from t h e  Betz r o l l- u p  
model ( r e f .  l), which has r e c e i v e d  widespread use  i n  r e c e n t  years 
( refs .  2- 5) .  The Betz r o l l- u p  t echn ique  s p e c i f i e s  how the  t o r q u e  
exer ted by t h e  l i f t  d i s t r i b u t i o n  on a wing (see rig. 1) r e s u l t s  i n  
a d i s t r i b u t i o n  o f  a n g u l a r  momentum i n  the  t r a i l e d  v o r t e x  th rough  t h e  
r e l a t i o n s h i p s  
r = 3 Y )  - Y (1) 
where r ( y )  i s  t h e  c i r c u l a t i o n  d i s t r i b u t i o n  on t h e  wing and T ( r )  
i s  the  c i r c u l a t i o n  d i s t r i b u t i o n  i n  t h e  downstream v o r t e x .  The 
l e n g t h  r i s  re la ted t o  y through Eq. (l), where F ( y )  i s  t h e  
c e n t r o i d  o f  v o r t i c i t y  shed outboard  o f  wing s t a t i o n  y and i s  de- 
f i n e d  as S 
P 
Equat ions  (1) through ( 3 )  are e q u i v a l e n t  t o  
(4) Torque = R(n) [n - f (y ) ]dn  = 2 1 ~ p  [ Uo3Ve(x)X 2 dX' J= Y 0 
where R(n) = -p9U,I'(n) 
and s i s  the  wing semispan. 
i s  t h e  wing s e c t i o n a l  l o a d i n g  on t h e  f l u i d  
0 
The a x i a l  f l u x  o f  a n g u l a r  momentum i n  a v o r t e x  o f  r a d i u s  r 
e q u a l s  the  t o r q u e  e x e r t e d  on the  f l u i d  ( c a l c u l a t e d  about  y ( y )  
outboard  o f  wing s t a t i o n  y ) .  S e t t i n g  y = 0 i n  Eq. ( 4 )  shows t ha t  
the t o r q u e  e x e r t e d  by t h e  wing e q u a l s  the  ax ia l  f l u x  o f  a n g u l a r  
momentum i n  t h e  Betz v o r t e x  and i s  g iven  by 
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where 
S ince  
- 
i s  t h e  c e n t r o i d  o f  t h e  l o a d  d i s t r i b u t i o n  d e f i n e d  by YL 
P S  
'0 
- 
(f(0) - y L ) / s  i s  a f u n c t i o n  only  of t h e  shape o f  the  l o a d  
d i s t r i b u t i o n ,  i t s  v a l u e  i s  n e a r l y  c o n s t a n t  among v a r i o u s  a i r c r a f t .  
(For  a r e c t a n g u l a r l y  loaded wing and a l i n e a r l y  loaded wing 
( y ( 0 )  - yL)/s = 1 / 2  and 1 / 6  , r e s p e c t i v e l y . )  
s u r p r i s i n g  t ha t  t h e  r o l l i n g  moment hazard  i s  a f u n c t i o n  o f  the  
. g e n e r a t i n g  a i r c r a f t ' s  s i z e ,  s i n c e  t h e  a n g u l a r  momentum i n  the  B e t z  
v o r t e x  ( f rom eq. ( 5 ) )  i s  p r o p o r t i o n a l  t o  t h e  product  o f  t h e  l i f t  L 
and wing span b . I f  a small a i r c r a f t  were t o  encoun te r  t h e  whole 
o f  t h i s  t o r q u e  from a jumbo j e t ,  t h e  r e s u l t s  would be d i s a s t r o u s .  
It i s  t h e r e f o r e  n o t  
F o r t u n a t e l y ,  t h e  t o r q u e  induced on an e n c o u n t e r i n g  a i r c r a f t  i s  
a f r a c t i o n  of  t h a t  which might a c t u a l l y  be e x t r a c t e d  from t h e  wake. 
T h i s  i s  due s i m p l y  t o  t h e  f a c t  t h a t  the  e n c o u n t e r i n g  a i r c r a f t ' s  
dimensions pe rmi t  it t o  span on ly  a p o r t i o n  o f  t h e  v o r t e x  a t  any 
one t i m e .  T h i s  may n o t  however be  a s a v i n g  g r a c e ,  s i n c e  t h e  roll 
c o n t r o l  c a p a b i l i t y  o f -a n  a i r c r a f t  d imin i shes  w i t h  d i m i n i s h i n g  span .  
What t h e n  w i l l  p e r m i t  a small a i r c r a f t  t o  f l y  a t  a r e a s o n a b l e  
d i s t a n c e  behind a larger g e n e r a t i n g  a i r c r a f t ?  The answer l i e s  i n  
t h e  d i s t r i b u t i o n  o f  a n g u l a r  momentum. F i r s t ,  t he  c o n s e r v a t i o n  o f  
a n g u l a r  momentum would s a y  tha t  t h e  t o t a l  a x i a l  f l u x  o f  a n g u l a r  
momentum i n  t h e  h a l f- c r o s s  p l a n e  c a l c u l a t e d  about  t h e  a i r c r a f t  wing 
c e n t e r l i n e  must i n i t i a l l y  e q u a l  the  g e n e r a t o r ' s  wing r o o t  bending 
moment. Apparent ly t h e  d i s t r i b u t i o n  o f  a n g u l a r  momentum can be 
s u b s t a n t i a l l y  a l t e r ed  b y  t a i l o r i n g  t h e  g e n e r a t o r ' s  l i f t  d i s t r i -  
b u t i o n .  Second, t he  l a n d i n g  o r  t a k e o f f  wake of a n  a i r c r a f t ,  com- 
p r i s e d  of m u l t i p l e  v o r t e x  pai rs  (see f i g .  2 ) ,  can undergo an  
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i n i t i a l l y  convec t ive  i n s t a b i l i t y  c a l l e d  v o r t e x  merging. The 
merging phenomenon r e s u l t s  i n  a r e d i s t r i b u t i o n  o f  t r a i l e d  v o r t i c i t y  
i n  a wake through convec t ive  and t u r b u l e n t  p r o c e s s e s .  T h i s  re- 
d i s t r i b u t i o n  l e s s e n s  t h e  haza rd  o f  t he  t r a i l ed  wake i n  d i s t a n c e s  
which have been observed t o  be  t e n s  o f  spans  behind t h e  g e n e r a t i n g  
a i r c r a f t .  
The convec t ive  and t u r b u l e n t  i n t e r a c t i o n s  between v o r t i c e s  i n  
d i s t a n c e s  o f  up t o  30 o r  40 spans  behind t h e  g e n e r a t o r  form the  
s u b j e c t  o f  t h i s  paper .  A q u a l i t a t i v e  d e s c r i p t i o n  o f  t h e  a g i n g  proc-  
ess i n  t h e  n e a r  v o r t e x  wake and t h e  r e l e v a n c e  of m u l t i p l e  v o r t i c e s  
and merging a r e  d i s c u s s e d  i n  S e c t i o n  11. I n  S e c t i o n  111, A . R . A . P e V s  
t u r b u l e n t  model i s  b r i e f l y  reviewed, and a s i m p l e  merging compu- 
t a t i o n  between two e q u a l  s t r e n g t h  l ike- s igned  v o r t i c e s  i s  g iven .  
Recent exper imen ta l  r e s u l t s  o f  t h e  vor tex- vor tex  i n t e r a c t i o n  problem 
ob ta ined  i n  a small wind t u n n e l  are d e s c r i b e d  i n  S e c t i o n  I V .  A 
d i s c u s s i o n  o f  how p o i n t  v o r t e x  computat ions can be  used t o  de termine  
whether s t r o n g  v o r t e x  i n t e r a c t i o n s  a r e  l i k e l y  t o  occur  i n  v o r t e x  
wakes i s  g iven  i n  S e c t i o n  V. Numerical c a l c u l a t i o n s  o f  a i r c r a f t  
wakes i n c l u d i n g  t h e  e f f e c t s  of  t h r u s t  and a tmospher ic  t u r b u l e n c e  are 
p r e s e n t e d  i n  S e c t i o n  V I .  F i n a l l y ,  i n  S e c t i o n  V I I ,  conc lus ions  are 
o f f e r e d .  
SYMBOLS 
A 
b 
b '  
cD 
cL 
cT 
d 
e 
h 
R 
L 
wing a s p e c t  r a t i o  . 
wing span 
s e p a r a t i o n  between two o p p o s i t e l y  s igned  v o r t i c e s  
d rag  c o e f f i c i e n t  
l i f t  c o e f f i c i e n t  
t h r u s t  c o e f f i c i e n t  
s e p a r a t i o n  between l ike- s igned  v o r t i c e s  
c i r c u l a t i o n  box s i z e  
v e r t i c a l  height  o f  v o r t e x  p a i r  
s e c t i o n a l  l i f t  on the  f l u i d  
l i f t  
6 4  
p r  e s s u re  
radial  c o o r d i n a t e  
v i s c o u s  c o r e  r a d i u s  
wing semispan 
b ‘ / 2  
t i m e  
v e l o c i t y  components i n  t h e  x,y,z  C a r t e s i a n  system 
f l i g h t  speed 
s w i r l i n g  v e l o c i t y  
C a r t e s i a n  c o o r d i n a t e  sys tem 
c e n t r o i d  o f  t r a i l e d  v o r t i c i t y  
c e n t r o i d  of  t h e  l o a d  d i s t r i b u t i o n  
c i r c u l a t i o n  
wing r o o t  c i r c u l a t i o n  
v o r t i c i t y  
t u r b u l e n t  d i s s i p a t i o n  r a t e  
t u r b u l e n t  macroscale  o r  i n t e g r a l  s c a l e  parameter 
k inemat ic  v i s c o s i t y  
ambient d e n s i t y  
secondary s t r e a m l i n e  va lue  
overba r  deno tes  t i m e  ave rage  
11. A QUALITATIVE DESCRIPTION OF VORTEX WAKE A G I N G  
When an  a i r c r a f t  i n  a c l e a n  ( c r u i s e )  c o n f i g u r a t i o n  t r a i l s  a 
wake, two r e g i o n s  o f  somewhat c o n c e n t r a t e d  v o r t i c i t y  are l e f t  i n  
the  f l u i d ,  shown s c h e m a t i c a l l y  i n  f i g u r e  3. For  an e n c o u n t e r i n g  
a i r c r a f t  whose span i s  less t h a n  the  semispan of the  g e n e r a t i n g  
a i r c r a f t ,  a most des i rable  p i e c e  o f  i n f o r m a t i o n  i s  t h e  i n t e n s i t y  
of t h e  s w i r l i n g  f low i n  a c i r c u l a r  area whose diameter i s  t h e  
wingspan o f  t h e  e n c o u n t e r i n g  a i r c r a f t .  I f  c i r c u l a t i o n  i s  a 
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r e a s o n a b l e  measure o f  t h i s  i n t e n s i t y ,  t h e n  w e  must de termine  how 
c i r c u l a t i o n  might d e c r e a s e  i n  t h i s  r e g i o n ,  I f  w e  c e n t e r  t he  area 
about t h e  c e n t r o i d  o f  shed v o r t i c i t y  (as i n  f i g .  3 ) ,  w e  see t ha t  
v o r t i c i t y  cannot  b e  t r a n s p o r t e d  from t h i s  r e g i o n  by convec t ion  
s i n c e ,  roughly  speaking ,  s t r e a m l i n e s  do n o t  l e a v e  t h e  c i r c u l a r  
r e g i o n .  Hence, d i f f u s i o n  i s  t h e  only  mechanism able t o  spread 
v o r t i c i t y  and reduce  c i p c u l a t i o n  i n  t h i s  area.  Unfor tuna te ly ,  
t h e  axisymmetr ic  v o r t e x  i s  q u i t e  s t ab le  and can on ly  s u s t a i n  low 
t u r b u l e n c e  l e v e l s .  I n  f a c t ,  t u r b u l e n c e  i s  a c t u a l l y  damped i n  t h e  
c e n t r a l  r e g i o n  o f  t h e  v o r t e x  ( t h e  v i scous  c o r e ) .  It i s  j u s t  i n  
t h i s  r e g i o n  where v o r t i c i t y  i s  maximum, making i t  d e s i r a b l e  to d i s-  
t r i b u t e  t h i s  v o r t i c i t y  ra ther  e x t e n s i v e l y  over  t h e  wake h a l f- p l a n e .  
Apparent ly,  however, on ly  molecular  t r a n s p o r t  p r o v i d e s  any d i f f u s i o n  
of v o r t i c i t y  h e r e .  
That v o r t e x  c o r e s  from s i m p l y  loaded wings are i n  f a c t  n e a r l y  
laminar  can be seen  from f i g u r e  4 where smoke released from a tower 
has been e n t r a i n e d  i n t o  t h e  wing t i p  v o r t e x  o f  a large a i r c r a f t .  
The a i r  through which t h e  a i r c r a f t  f l i e s  i s  d i s c e r n i b l y  t u r b u l e n t  
(as  i n t e r p r e t e d  from the  d i s p e r s i o n  of smoke) w h i l e  t h e  v o r t i c a l  
f l u i d  making up t h e  v i scous  co re  i s  n e a r l y  l aminar .  
Turbulent  computat ions u s i n g  second-order c l o s u r e  modeling 
a lso  conf i rm t h i s  f e a t u r e  of i s o l a t e d  v o r t i c e s .  The s w i r l i n g  
v e l o c i t y  f o r  a c l a s s i c a l  Lamb v o r t e x  i s  g iven  by 
Taking t h e  e q u i l i b r i u m ,  n o n d i f f u s i v e ,  and h igh  Reynolds number 
l i m i t s  of  t h e  second-order c l o s u r e  model ( r e f .  6 ) ,  w e  o b t a i n  the  
t u r b u l e n t  k i n e t i c  energy d i s t r i b u t i o n  shown i n  f i g u r e  5 .  Also 
shown i s  t h e  cor respond ing  d i s t r i b u t i o n  of v o r t i c i t y .  Note t h a t  
no t u r b u l e n t  k i n e t i c  energy i s  p r e d i c t e d  f o r  The 
c e n t r i f u g a l  e f f e c t  o f  t h e  s w i r l i n g  veloc-ity s u p p r e s s e s  the  
Produc t ion  o f  t u r b u l e n c e  i n  t h i s  r e g i o n .  
r/rC 5 1 .25  . 
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From o b s e r v a t i o n s  and a n a l y t i c  c o n s i d e r a t i o n s ( r e f s .  5,7), ,  air-  
c r a f t  v o r t i c e s  do n o t  produce s u f f i c i e n t  a x i a l  &ear t o  p rov ide  a 
mechanism f o r  any s i z a b l e  p r o d u c t i o n  o f  t u r b u l e n c e .  The v o r t i c e s  
from a c l e a n  a i r c r a f t  age q u i t e  independen t ly  i n  a calm atmosphere.  
(The v o r t e x  p a i r  from a c l e a n  a i r c r a f t  can undergo a Crow i n-  
s t a b i l i t y  e x c i t e d  by  t h e  atmosphere ( r e f .  8 ) .  However, t i m e  s c a l e s  
f o r  t h i s  i n s t a b i l i t y  r e s u l t  i n  d i s t a n c e s  behind the  a i r c r a f t  far  
larger  t h a n  t h o s e  b e i n g  cons ide red  here . )  
I n  t h e  l a n d i n g  or t a k e- o f f  c o n f i g u r a t i o n  ( f l aps  .deployed) ,  t h e  
t r a i l e d  wake takes on a d e c i d e d l y  more complex s t r u c t u r e .  M u l t i p l e  
v o r t e x  pairs  a r e  t r a i l e d  and i n t e r a c t .  S i g n i f i c a n t l y ,  t h i s  i n t e r -  
a c t i o n  may b e  f a v o r a b l e  s i n c e  the  s t r a i n i n g  e f f e c t  o f  v o r t e x  upon 
v o r t e x  may d e s t r o y  the  c i r c u l a r  symmetry of each  v o r t e x .  The 
v o r t i c e s  undergo an i n i t i a l  c o n v e c t i v e  i n s t a b i l i t y  l e a d i n g  to a 
produc t ion  o f  t u r b u l e n t  energy and t u r b u l e n t  r e d i s t r i b u t i o n  o f  t h e  
v o r t i c i t y  ( a g a i n ,  see f i g .  3 ) .  On comparable t ime s c a l e s ,  t h e  
m u l t i p l e- p a i r  wake can age more t h a n  the  wake o f  t h e  c r u i s e  a i r-  
c r a f t  when t h i s  f a v o r a b l e  i n t e r a c t i o n  i s  u t i l i z e d .  
O f  course ,  o t h e r  mechanisms can a l s o  a c t  t o  spread v o r t i c i t y  
a c r o s s  t h e  wake. However, on ly  v o r t e x  breakdown a c t s  on a t i m e  
s c a l e  commensurate w i t h  t h e  merging phenomenon. U n f o r t u n a t e l y ,  
o u r  work on the  t r a n s p o r t  p r o c e s s e s  invo lved  i n  breakdown i s  j u s t  
beginning .  
I n  sum, t he  merging phenomenon i s  a n a t u r a l l y  o c c u r r i n g  
mechanism of  decay i n  a i r c r a f t  m u l t i p l e- v o r t e x  wakes, l e a d i n g  to 
a more r a p i d  convers ion  of  t h e  k i n e t i c  energy of t h e  s w i r l i n g  
v e l o c i t i e s  i n  t h e  v o r t i c e s  i n t o  t u r b u l e n t  k i n e t i c  energy.  I f  t h e  
merging phenomenon can b e  understood and p r e d i c t e d ,  a great po- 
t e n t i a l  e x i s t s  f o r  l e s s e n i n g  the  hazard  a s s o c i a t e d  w i t h  v o r t e x  
wakes th rough  s u i t a b l y  t a i l o r e d  wing l i f t  and d r ag  d i s t r i b u t i o n s .  
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111. A NUMERICAL COMPUTATION OF MERGING 
Dunham ( r e f .  9 )  f i r s t  observed t h e  merging phenomenon between 
f l a p  and t i p  v o r t i c e s  o f  t h e  B- 747 a i r c r a f t  on what has become the  
LDG/O c o n f i g u r a t i o n .  That i s ,  inboard  f l a p s  are deployed a t  
6f  = 46' 
phenomenon i s  shown i n  f i g u r e  6 ,  where i n k  i n j e c t e d  a t  t h e  wing was 
and midspan f laps remain undeployed. H i s  s k e t c h  of t h e  
used t o  v i s u a l i z e  the  v o r t i c e s .  H e  observed t h a t  t h e  t i p  and f l a p  
v o r t i c e s ,  whi le  q u i t e  d i s t i n c t  a t  f i f t e e n  span- lengths  behind t h e  
B-747, appeared t o  i n t e r a c t  f u r t h e r  downstream u n t i l  o n l y  one 
ra ther  weak ( d i f f u s e )  v o r t e x  remained. The ra ther  r a p i d  d i f f u s i o n  
of  t h e  i n k  sugges ted  t h e  mechanism o f  t u r b u l e n t  t r a n s p o r t  i n  t he  
s p r e a d i n g  o f  t h e  t r a i l e d  v o r t i c i t y .  
To model t h e  convec t ion  and t u r b u l e n t  d i f f u s i o n  o f  v o r t i c i t y ,  
we a t  A . R . A . P .  have developed a computer code to s o l v e  t h e  
e q u a t i o n s  o f  f l u i d  motion i n c l u d i n g  o u r  i n v a r i a n t  t u r b u l e n t  model 
( r e f .  10). T h i s  model i s  based on a c l o s u r e  o f  t h e  ra te  e q u a t i o n s  
f o r  t he  v e l o c i t y  c o r r e l a t i o n s  a t  t h e  second o r d e r .  Details o f  t h e  
model, i t s  e v o l u t i o n  and v a l i d a t i o n ,  may be  found i n  r e f e r e n c e s  1 0  
and 11. It s u f f i c e s  here t o  reproduce  the  e q u a t i o n s .  The flow 
v a r i a b l e s  are separated i n t o  mean.and f l u c t u a t i n g  components, t h e n  
averaged and modeled where a p p r o p r i a t e .  The mean v a r i a b l e s  s a t i s f y  
c o n t i n u i t y  
au; 
0 1.- - -  axi 
and momentum 
where t h e  d e n s i t y  p, i s  c o n s t a n t .  
The t u r b u l e n t  v e l o c i t y  c o r r e l a t i o n s  s a t i s fy  t h e  r a t e  e q u a t i o n s  
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Product ion 
pressure and velocity diffusion 
- A i j - ' i j ~  q2 
tendency toward isotropy 
2- a U.U. 
axk 
+ v +  
- 
viscous diffusion 
2avu. u .  
2 
2bq3 1 J  - -  
A n 
- "j 
(10) 
dissipation 
where q = (U.U.)''~, The pressure and velocity diffusion, 1 1  
tendency toward isotropy, and dissipation terms are modeled. 
Models are chosen on the basis of dimensional consistency, tensor 
invariancy under transformation, and physical considerations 
(ref. 11). The,constants vc , b , and a have the values 0.3 , 
0.125, and 2.5, respectively. These constants have been de- 
termined from appropriate experiments so chosen where possible to 
emphasize the particular effect studied. 
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Lambda ( A )  i s  t h e  t u r b u l e n t  i n t e g r a l  s c a l e  o r  macroscale  param- 
e t e r  gaging  t h e  coheren t  l e n g t h  s c a l e  of t h e  t u r b u l e n t  eddies .  It 
i s  determined from a dynamic e q u a t i o n  which models t h e  p roduc t ion ,  
d i f f u s i o n ,  and d i s s i p a t i o n  o f  t h e  i n t e g r a l  s c a l e ' o f  t h e  t u r b u l e n c e .  
The dynamic s c a l e  e q u a t i o n  b e i n g  used ( r e f .  11) i s  
3Ui 
0.35 2 i j ax + 0.6  !?- A A -  u u  
X 2  
- =  DA 
Dt 
q j -
produc t ion  d i s s i p a t i o n  
d i f f u s i o n  
i s  t h e  d i s s i p a t i o n  s c a l e .  A 1 / 2  where X = 
[a+(bqA/v> 1 
Equat ions  (8-11) have been programmed t o  s o l v e  e i t h e r  two- 
dimensional  unsteady o r  three- dimensional  s t e a d y  problems w i t h  a 
p a r a b o l i c  approximation made i n  one space  dimension. The d e t a i l s  
o f  t h e  a l g o r i t h m s  used can be  found i n  r e f e r e n c e  1 2 .  
A s  a f i r s t  i l l u s t r a t i o n  o f  t h e  numer ica l  computa t ions ,  w e  have 
chosen t h e  s i m p l e s t  merging problem between two l i k e- s i g n e d  e q u a l  
s t r e n g t h  v o r t i c e s .  The computa t ional  r e g i o n  i s  shown i n  f i g u r e  7 .  
Two Gaussian s p o t s  of v o r t i c i t y  o f  t h e  form 
r d 2 5  d2  2 
2rC C 
- = -  
217 2 exp (- 5 )  
have been p l a c e d  a t  y = k d/2 z = 0 . The radius r i s  measured 
outward from bo th  y = k d/2 , z = 0 . Gaussians o f  t u r b u l e n t  
k i n e t i c  energy o f  the  form 
A 
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qO * = O . O l ( r / ~ d ) ~  
- 2 - - - The c a l c u l a t i o n  i s  s tar ted w i t h  
The i n t e g r a l  s c a l e  parameter  i s  i n i t i a l l y  t a k e n  e q u a l  t o  0 . 2 s .  
Boundary c o n d i t i o n s  on v e l o c i t y  are a p p l i e d  v i a  a m u l t i p o l e  expansion 
o f  t h e  v o r t i c i t y  f i e l d  ( r e f .  1 2 ) .  Turbu len t  q u a n t i t i e s  are se t  
e q u a l  t o  zero  a t  t he  computa t ional  boundar ies .  
uu = vv = ww = q / 3  and uv = 0 .  
The r e s u l t s  o f  t h e  computat ions are  shown i n  f i g u r e s  8,  9, and 
The counter-  
1 0 ,  where i n s t a n t a n e o u s  d i s t r i b u t i o n s  o f  p r e s s u r e ,  v o r t i c i t y ,  and 
t u r b u l e n t  k i n e t i c  energy are shown i n  i n t e n s i t y  form. 
c lockwise  r o t a t i o n  of  t h e  p a i r  i s  expec ted .  It i s  i n t e r e s t i n g  t o  
n o t e  tha t  t h e  mean f low v a r i a b l e s ,  p r e s s u r e  and v o r t i c i t y , t a k e  on 
a d i s c e r n i b l y  more axisymmstr ic  s t r u c t u r e  a t  
t h e  t u r b u l e n t  k i n e t i c  ene rgy ,  T h i s  i s  expec ted  i n  a phenomenon i n  
which t h e  r e d i s t r i b u t i o n  o f  v o r t i c i t y  i s  i n i t i a l l y  governed by con- 
v e c t i o n .  The i n i t i a l  t i m e  s c a l e  for t u r b u l e n t  r e d i s t r i b u t i o n  
through d i f f u s i o n  i s  of t h e  O ( A / q )  , which i s  approximate ly  
tr/.rrd2 = 1 . 
tr/.rrd2 = 4 t h a n  
A comparison w i t h  an  e q u i v a l e n t  i s o l a t e d  v o r t e x  decay compu- 
t a t i o n  i l l u s t r a t e s  t h e  s i g n i f i c a n c e  of  t h e  merging phenomenon i n  
terms of a g i n g  the  v o r t e x  f low f i e l d .  We have chosen t o  compute 
t h e  decay of  an  i s o l a t e d  axisymmetr ic  v o r t e x  whose i n i t i a l  
v o r t i c i t y  d i s t r i b u t i o n  i s  Gaussian and whose c i r c u l a t i o n  e q u a l s  
tha t  of the  p a i r .  The c o r e  r a d i u s  rc has been chosen t o  make 
t h e  p o l a r  moment o f  the  v o r t i c i t y  d i s t r i b u t i o n  computed about  t h e  
c e n t r o i d  e q u a l  t o  t ha t  o f  the  merging p a i r .  Thus, 
2 d2 
+ T  = r  
2 
rC ' p a i r  
The computat ion i s  c a r r i e d  ou t  w i t h  an  axisymmetr ic  v e r s i o n  o f  t h e  
code ( r e f .  1 3 )  used t o  compute t h e  merging o f  t he  l i k e- s i g n e d  p a i r .  
The i n i t i a l  t u r b u l e n c e  d i s t r i b u t i o n  i s  t a k e n  t o  be  uu = vv = ww = 
q /3 where 
- - - 
2 
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so t h a t  t h e  i n i t i a l  t o t a l  t u r b u l e n t  k i n e t i c  energy i n  b o t h  compu- 
t a t i o n s  are equa l .  The i n t e g r a l  s c a l e  parameter  A i s  t a k e n  to be 
0.2s , 
F i g u r e  11 shows the  t o t a l  t u r b u l e n t  k i n e t i c  energy i n  t h e  
c r o s s p l a n e  as a f u n c t i o n  o f  t i m e .  The l e v e l  tha t  can be suppor ted  
by t h e  axisymmetr ic  i s o l a t e d  v o r t e x  i s  fa r  l e s s  t h a n  i n i t i a l l y  
i n t r o d u c e d ,  as d i s c u s s e d  ea r l i e r  and i n  r e f e r e n c e  6 .  However, t h e  
breakdown of  the  axisymmetr ic  s t r u c t u r e  about  each v o r t e x  i n  t h e  
merging p a i r  r e s u l t s  i n  t h e  p roduc t ion  o f  t u r b u l e n t  k i n e t i c  energy 
and, hence,  Reynolds stresses, which d i f f u s e  t h e  mean v o r t i c i t y  
outward i n  a d d i t i o n  to t h e  convec t ive  sp read ing .  The p roduc t ion  o f  
t u r b u l e n c e  i s  t h e  t r a n s p o r t  mechanism which can d i f f u s e  v o r t i c i t y  
to t h e  wake c e n t e r l i n e  and r e s u l t  i n  t h e  decay o f  c i r c u l a t i o n  i n  
t h e  wake, as was shown s c h e m a t i c a l l y  i n  f i g u r e  3. 
I V .  EXPERIMENTAL OBSERVATIONS OF MERGING AND P A I R  INTERACTIONS 
A s i m p l e  experiment  was des igned to observe  t h e  merging 
phenomenon i n  a c o n t r o l l e d  environment.  
Apparatus an& techn ique  
Flow v i s u a l i z a t i o n  s t u d i e s  o f  vor t ex  merging and p a i r i n g  were 
c a r r i e d  ou t  i n  A . R . A . P . ' s  0 .305  m x 0 .305  m subson ic  wind t u n n e l .  
T h i s  f a c i l i t y  has a 2-m-long t e s t  s e c t i o n  w i t h  an a d j u s t a b l e  roof  
t o  a l l o w  m o d i f i c a t i o n  of  the a x i a l  p r e s s u r e  g r a d i e n t .  For  t h e s e  
s t u d i e s  t h e  p r e s s u r e  g r a d i e n t  was set  a t  ze ro .  
The t u n n e l  has a maximum v e l o c i t y  c a p a b i l i t y  of  1 5  m/sec and 
the  t e s t  s e c t i o n  t u r b u l e n c e  l e v e l  i s  r e l a t i v e l y  low -- about  0 . 2 %  
For t h e  purposes of  these s t u d i e s ,  the  t e s t  s e c t i o n  was f i t t e d  
w i t h  windows f o r  i t s  f u l l  l e n g t h  on one s ide,  and t h e  i n t e r i o r  
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s u r f a c e s  were p a i n t e d  f l a t  b l a c k  to improve v i s i b i l i t y  o f  t h e  white 
smoke used f o r  v i s u a l i z a t i o n .  
Vor tex  f lows were produced by a i r f o i l s  mounted th rough  
o p p o s i t e  sidewalls o f  the  t u n n e l  j u s t  upstream of  t h e  t e s t  s e c t i o n .  
Each a i r f o i l  had a c o n s t a n t  chord o f  7 . 6 2  cm and was mounted s o  
t h a t  i t s  a n g l e  o f  a t t a c k  and l e n g t h  o f  immersion i n  t h e  stream could 
be a d j u s t e d .  Thus, t he  s t r e n g t h s  o f  t h e  v o r t i c e s  and t h e i r  i n i t i a l  
spac ing  could  be set  to any desired v a l u e .  The a i r f o i l  s e c t i o n  was 
NACA 0012  and t h e  t i p  was a revo lved  s e c t i o n .  C o n s t r u c t i o n  was o f  
molded f i b e r  glass  and p o l y e s t e r  r e s i n .  The a i r f o i l s  were hol low 
to permi t  t h e  flow o f  smoke from o u t s i d e  the  t u n n e l  to h o l e s  i n  the  
wing t i p s  n e a r  t h e  p o i n t s  o f  i n i t i a l  v o r t e x  r o l l- u p .  T h i s  a r range-  
ment produced a q u i t e  s a t i s f a c t o r y  c o n c e n t r a t i o n  o f  smoke i n  t h e  
t r a i l e d  v o r t e x  behind each  a i r f o i l .  
Observat ion  o f  merging and p a i r i n g  phenomena was accomplished 
by i l l u m i n a t i n g  the  e n t r a i n e d  smoke w i t h  a p l a n a r  beam o f  l i g h t  
d i r e c t e d  a c r o s s  t h e  t u n n e l  normal to t h e  f low.  I n  t h i s  way a 
c r o s s- s e c t i o n  o f  t h e  v o r t e x  f low p a t t e r n  was made v i s i b l e  when 
viewed from a p o i n t  upstream o r  downstream o f  t h e  l i g h t  beam. In 
o r d e r  to r e c o r d  t h e  p a t t e r n s  p h o t o g r a p h i c a l l y ,  a small m i r r o r  was 
mounted i n s i d e  t h e  w a l l  o f  t h e  d i f f u s o r  downstream of  the t e s t  
s e c t i o n .  The m i r r o r  was se t  s o  as to r e f l e c t  an  image o f  t h e  
i l l u m i n a t e d  c r o s s- s e c t i o n  through a window i n  t h e  s ide  w a l l  and,  
f i n a l l y ,  to a camera o u t s i d e  t h e  t u n n e l .  With t h i s  s e t u p  it was 
p o s s i b l e  to photograph p a t t e r n s  between 3 and 2 3  chord- lengths  
downstream o f  t h e  a i r f o i l s .  
Continuous i l l u m i n a t i o n  was provided  by t h e  beam from a 
l a n t e r n  s l i d e  p r o j e c t o r  and i n s t a n t a n e o u s  i l l u m i n a t i o n  was pro-  
vided by a n  e l e c t r o n i c  f lash u n i t .  Thus, it  was p o s s i b l e  to view 
smoke p a t t e r n s  t h a t  were e i the r  t i m e  averaged ( u s u a l l y  1/2-second 
exposure)  o r  " f rozen"  (1/2800 second) .  The p l a n a r  beam o f  de- 
s i r ed  i n t e n s i t y  w a s  produced by p a s s i n g  the  l i g h t  th rough  a 
v e r t i c a l  s l i t  about  0 . 9 5  cm wide.  
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A s u f f i c i e n t  q u a n t i t y  o f  dense w h i t e  smoke was produced by a 
boi led- kerosene  smoke g e n e r a t o r .  
V i e w s  o f  t h e  wind t u n n e l  and a i r f o i l  assemblies are shown i n  
f i g u r e  1 2 .  
R e s u l t s  
The merging phenomenon between v o r t i c e s  o f  same s i g n  and 
s t r e n g t h  i s  v i s u a l i z e d  i n  f i g u r e  1 3 .  Viewed from downstream, t h e  
a n g l e s  o f  a t t a c k  f o r  t h e  l e f t  and r i g h t  wings are  -6' and 6' , 
r e s p e c t i v e l y .  The v o r t e x  r o t a t i o n  i s  t h e n  i n  t h e  clockwise d i -  
r e c t i o n .  A s  can be  seen ,  t h e  v o r t i c e s  are q u i t e  d i s t i n c t  a t  
x/d = 1 8  bu t  merge q u i t e  r a p i d l y  between x/d = 9 0  and 1 1 4 .  
By x/d = 138 , t h e  merged p a i r  i s  n e a r i n g  an axisymmetr ic  shape .  
The s t r a i n i n g  e f f e c t  o f  v o r t e x  upon v o r t e x  i s  q u i t e  e v i d e n t  a t  the  
x/d = 114 and 1 2 6  s t a t i o n s .  
The photographs sugges t  tha t  t h e  merging phenomenon i s  n e a r l y  
l aminar .  T h i s  i s  a t t r i b u t e d  t o  r a the r  low t e s t  Reynolds numbers. 
T y p i c a l l y ,  I'/v = 5000 f o r  t h e s e  t e s t s ,  w h i l e  t h e  Reynolds numbers 
a s s o c i a t e d  w i t h  a i r c r a f t  wakes a r e  more l i k e  T h i s ,  however, 
does  no t  l i m i t  t h e  u s e f u l n e s s  of  these t e s t s  s i n c e  t h e  i n i t i a l  
s t a g e s  o f  t h e  merging phenomenon a r e  convec t ion  dominated. The 
i n i t i a l  r e d i s t r i b u t i o n  o f  t r a i l e d  v o r t i c i t y  can b e  s t u d i e d  d i r e c t l y .  
lo7 . 
To a g a i n  i l l u s t r a t e  t h e  importance o f  t u r b u l e n t  t r a n s p o r t ,  t h e  
merging computat ion p r e s e n t e d  i n  S e c t i o n  111 i s  compared w i t h  smoke 
v i s u a l i z a t i o n  photographs.  F i g u r e  1 4  shows computed v o r t i c i t y  i n-  
t e n s i t y  p l o t s  and photographs o f  v i s u a l i z e d  smoke a t  comparable 
downstream p o s i t i o n s .  The comparison of  smoke i n t e n s i t y  w i t h  
v o r t i c i t y  i s  n o t  q u i t e  c o r r e c t  s i n c e  the  smoke p a r t i c l e s  are n o t  
q u i t e  the  same d e n s i t y  as the  f l u i d .  The comparisons,  however, are 
q u a l i t a t i v e l y  q u i t e  good w i t h  t he  l a s t  a x i a l  s t a t i o n  showing t h e  
g r e a t e s t  d e p a r t u r e .  The t u r b u l e n t  computation shows the  v o r t i c i t y  
measurably more spread through the  f l u i d  and a t  a s u b s t a n t i a l l y  
lower l e v e l .  Both e f f e c t s  r e s u l t  from t h e  t u r b u l e n t  d i f f u s i o n  
p r e s e n t  i n  t h e  numer ica l  s i m u l a t i o n .  
7 4  
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The nex t  sequence o f  photographs,  shown i n  f i g u r e  15,  e x p l o r e s  
ang le- of- a t t ack  change o f  one wing while  h o l d i n g  v o r t e x  s e p a r a t i o n  
and t h e  a n g l e  o f  a t t a c k  o f  the  second wing c o n s t a n t .  The photographs 
are t a k e n  a t  downstream s t a t i o n  x/d = 55.4 . Equal s i g n  and 
= - 6' . A s  one v o r t e x  s t r e n g t h  v o r t i c e s  occur  w i t h  aref 
i s  weakened, the  s t r o n g e r  v o r t e x  beg ins  t o  s t r a i n  the  weaker v o r t e x  
and proceeds  t o  wrap t h e  weaker v o r t i c i t y  around i t s e l f .  When t h e  
v o r t i c e s  become of' o p p o s i t e  s i g n ,  the re  i s  l e s s  tendency t o  merge 
even when one v o r t e x  i s  s i g n i f i c a n t l y  weaker t h a n  the  o t h e r .  Com- 
= - 6' = 2O,  and a pare,  for i n s t a n c e ,  aref 
a = - 2' . When b o t h  a n g l e s  o f  a t t a c k  are e q u a l  t h e  c l a s s i c a l  
v o r t e x  p a i r  i s  produced. 
- -  
%ar 
= - G o ,  
r e f  3 %ar 
var 
The n e x t  sequence o f  photographs ( f i g .  1 6 )  e x p l o r e s  t h e  
s t a b i l i t y  o f  t h e  c o u n t e r- r o t a t i n g  p a i r  as t h e  s e p a r a t i o n  between t h e  
p a i r  i s  reduced.  At a f i x e d  downstream s t a t i o n ,  t h e  v o r t e x  p a i r  has 
descended to a lower p o s i t i o n  i n  t h e  t u n n e l  as s e p a r a t i o n  i s  de- 
creased .  The l a s t  photograph shows how remarkab ly  s t ab le  t h e  
c o u n t e r- r o t a t i n g  c o n f i g u r a t i o n  can be .  The p h y s i c a l  mechanisms 
which p e r m i t  v o r t i c e s  o f  l i k e  s i g n  t o  merge q u i t e  r e a d i l y  w h i l e  
i n h i b i t i n g  t h e  merging o f  v o r t i c e s  of o p p o s i t e  s i g n  a r e  y e t  t o  be ex- 
p l a i n e d ,  Moore and Saffman's  work ( r e f .  1 4 )  n o t w i t h s t a n d i n g .  
I n  f i g u r e  1 7  an a t t e m p t  i s  made to v i s u a l i z e  t h e  s t r u c t u r e  o f  
t h e  v o r t e x  by t a k i n g  a high-speed photograph (112800 s e c ) .  Upper 
r i g h t  shows the i n s t a n t a n e o u s  smoke p a t t e r n  of an  unmerged p a i r ,  
whi le  upper l e f t  shows t h e  con t inuous ly  l i g h t e d  smoke d i s t r i b u t i o n ,  
Lower r i g h t  shows t h e  i n s t a n t a n e o u s  smoke p a t t e r n  of a merging 
p a i r  w i t h  e q u a l  s t r e n g t h  and l i k e  s i g n .  T h i s  may be  compared t o  
t h e  con t inuous ly  l i g h t e d  photograph i n  lower l e f t .  A c a r e f u l  i n-  
s p e c t i o n  of  t h e  i n s t a n t a n e o u s l y  l i g h t e d  photographs shows t h e  
merged p a i r  to be more t u r b u l e n t  t h a n  t h e  unmerged p a i r .  
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V. N E R G I N G  COMPUTATIONS USING'POINT VORTICES 
An impor tan t  part  of  the  merging phenomenon i s  the p roduc t ion  
of  t u r b u l e n c e  and the  subsequent  d i f f u s i o n  o f  t r a i l e d  v o r t i c i t y .  
Before u s i n g  a program tha t  i n c o r p o r a t e s  all of  these e f f e c t s ,  w e  
may f i r s t  o b t a i n  some fundamental  r e s u l t s  u s i n g  a far s i m p l e r  i n-  
v i s c i d  model, namely, the  p o i n t  v o r t e x  t echn ique  f o r  computing 
wake s t r u c t u r e .  P o i n t  v o r t e x  computat ion f o r  wakes i s  n o t  a new 
idea,  having  been used f i r s t  b y  Westwater ( r e f .  15) i n  1935. S i n c e  
tha t  t i m e ,  many i n v e s t i g a t o r s  have used t h i s  t echn ique .  The b a s i c  
idea i s  t o  d i s t r i b u t e  p o i n t  v o r t i c e s  i p  the  T r e f f e t z  p l a n e  o f  a 
h y p o t h e t i c a l  wing, as shown i n  f i g u r e  1 8 ,  and compute t h e i r  
t r a j e c t o r i e s  i n  t i m e .  The r e s u l t i n g  motion w i l l  b e  produced by  
the  convec t ive  i n t e r a c t i o n  between t h e  v o r t i c e s  themselves .  
Given two l i k e- s i g n e d  v o r t i c e s ,  t h e  r a t e  o f  merging should  i n -  
c r e a s e  as the  s e p a r a t i o n  between the v o r t i c e s  decreases. The 
s imples t  i n t e r e s t i n g  wake i s  made o f  two v o r t e x  pa i r s ;  f o r  example, 
one c o n p r i s e d  o f  f l a p  and t i p  v o r t i c e s .  
Merging should  occur  i f  t h e  subsequen t ly  computed t r a j e c t o r i e s  
brought  t h e  f l a p  and t i p  v o r t i c e s  c l o s e r  t o g e t h e r ,  o r  a t  l eas t  d i d  
no t  i n c r e a s e  the  d i s t a n c e  between v o r t e x  c e n t e r s .  F i g u r e s  19 and 20 
i l l u s t r a t e  t h e  t r a j e c t o r i e s  o f  two ra ther  d i f f e r e n t l y  s t r u c t u r e d  
wakes. The t i g h t  o r b i t i n g  o f  f l a p  and t i p  v o r t i c e s  i n  f i g u r e  19 w i l l  
r e s u l t  i n  merging w h i l e  the weak i n t e r a c t i o n  between f l a p  and t i p  
v o r t i c e s ,  shown i n  f i g u r e  20 ,  may no t  result i n  merging. 
For two- vortex- pair  wakes a q u a l i t a t i v e  p r e d i c t i o n  o f  
whether merging may i n  f a c t  occur  can be ob ta ined  from a wake 
c l a s s i f i c a t i o n  c h a r t  shown i n  f i g u r e  21 .  When v o r t i c e s  are  o f  
l i k e  s i g n  and f a l l  i n  the  r e g i o n  marked "remain t o g e t h e r , "  one 
might expect  t h a t  merging w i l l  e v e n t u a l l y  occur .  On t h e  o t h e r  
hand, wakes which f a l l  i n  the  r e g i o n  denoted may 
p o s s i b l y  remain unmerged. Wakes from r e a l  a i r c r a f t  i n  a l a n d i n g  
o r  t a k e o f f  c o n f i g u r a t i o n  have f a r  more s t r u c t u r e  t h a n  can b e  
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r e p r e s e n t e d  simply by two v o r t e x  pa i r s .  
c r a f t  i n  a l a n d i n g  c o n f i g u r a t i o n  t r a i l s  s i x  d i s c r e t e  pa i r s  i f  t h e  
t a i l  v o r t e x  i s  i n c l u d e d  ( r e f .  6 ) .  
I n  f a c t ,  t h e  B- 747 a i r-  
At t h e  next  l e v e l  of complexi ty w e  c o n s i d e r  a t h i r d  v o r t e x  
p a i r  which can be used t o  model a f u s e l a g e  v o r t e x .  We choose as 
a r e p r e s e n t a t i v e  c a s e  t h e  wzke from t h e  Landing/O c o n f i g u r a t i o n  
s t u d i e d  by  N A S A .  The l o a d  d i s t r i b u t i o n  shown i n  f i g u r e  2 2  has 
been t a k e n  from t h e  work o f  C i f fone  and Lonzo ( r e f .  1 6 ) .  The Betz 
r o l l - u p  r e c i p e  w i l l  p r e d i c t  r o l l - u p  i n t o  three  d i s c r e t e  v o r t i c e s  
( r e f .  2 ) .  The t r a j e c t o r i e s  as viewed i n  the  T r e f f e t z  p l a n e  a r e  
shown i n  f i g u r e  2 3 .  A s  can b e  seen ,  t h e  d i s t a n c e  between t h e  f l a p  
and t i p  v o r t i c e s  con t inuous ly  i n c r e a s e s  downstream. C i f fone  and 
Lonzo conducted f low v i s u a l i z a t i o n  exper iments  i n  a towing t a n k  on 
t h i s  c o n f i g u r a t i o n  and r e p o r t e d  t h a t  merging d i d  n o t  occur .  It i s  
i n s t r u c t i v e  t o  compute t h e  s e p a r a t i o n  between t i p  and f l a p  v o r t i c e s  
as  a f u n c t i o n  o f  downstream d i s t a n c e  whi le  v a r y i n g  t h e  s t r e n g t h  o f  
t h e  f u s e l a g e  v o r t e x  ( f i g .  2 4 ) .  By weakening the  f u s e l a g e  v o r t e x ,  
it i s  p o s s i b l e  t o  reduce  t h e  s e p a r a t i o n  between f l a p  and t i p  
v o r t i c e s .  The minimum s e p a r a t i o n  between f l a p  and t i p  v o r t i c e s  
occurs  when I? = - 0.3I', . F u r t h e r  r e d u c t i o n  i n  f u s e l a g e  v o r t e x  
s t r e n g t h  s e r v e s  o n l y  t o  a g a i n  i n c r e a s e  t h e  d i s t a n c e  between f l a p  
and t i p  v o r t i c e s .  
j 
I n  f i g u r e  25 t h e  s e n s i t i v i t y  o f  d i s t a n c e  between f l a p  and t i p  
v o r t i c e s  i s  i n v e s t i g a t e d  as a f u n c t i o n  o f  t h e  p o s i t i o n  o f  t h e  
f u s e l a g e  v o r t e x .  f j / s  = 0 .125  
t o  0 . 2  ( a  s h i f t  of 7 .5% o f  t h e  semispan) ,  t he  f l a p  and t i p  
v o r t i c e s  can be brought  t o  a d i s t a n c e  of  o n l y  9 %  o f  t h e  wing semi- 
span.  The d o t s  l y i n g  n e a r  the  curve  denoted  f j / s  = 0 correspond 
t o  t h e  d i s t a n c e  between f l a p  and t i p  v o r t i c e s  i n  a f u l l y  two- 
dimensional  uns teady s o l u t i o n  o f  t h e  e q u a t i o n s  o f  motion w i t h  t h e  
computer code d e s c r i b e d  i n  S e c t i o n  111. T h i s  computation i s  n o t  
d e s c r i b e d  i n  t h i s  pape r ,  b u t  may be  found i n  r e f e r e n c e  1 2 .  It i s  
h e a r t e n i n g  t o  see t h e  good agreement between t h e  t r a n s p o r t a t i v e  
model and t h e  s imple  p o i n t  v o r t e x  c a l c u l a t i o n .  
By moving the  f u s e l a g e  v o r t e x  from 
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The above computat ions s e r v e  t o  demonst ra te  the s e n s i t i v i t y  
o f  wake geometry to modest changes i n  wing l o a d  d i s t r i b u t i o n .  It 
i s  an u n f o r t u n a t e  f a c t  tha t  t e c h n o l o g i e s  t o  g i v e  a c c u r a t e  pre-  
d i c t i o n s  of  l o a d  d i s t r i b u t i o n s  are somewhat l a c k i n g ,  p a r t i c u l a r l y  
f o r  wings w i t h  f laps  and s l a t s  deployed.  The  magnitude o f  t h e  loss 
of l i f t  a t  the wing- fuselage j u n c t i o n  q u i t e  s t r o n g l y  i n f l u e n c e s  
wake geometry. I n  our  op in ion ,  there  i s  now a need t o  know t h e  
wing l o a d  d i s t r i b u t i o n  more a c c u r a t e l y  t h a n  eve r  b e f o r e .  
The n e x t  l e v e l  o f  s o p h i s t i c a t i o n  o f  computing r o l l - u p  and 
vor tex- vor tex  i n t e r a c t i o n  d i s c r e t i z e s  t h e  shed. v o r t i c i t y  w i t h  a 
large number o f  p o i n t  v o r t i c e s .  Var ious  i n v e s t i g a t o r s  have 
ques t ioned  t h e  v a l i d i t y  o f  such a model, p a r t i c u l a r l y  when compu- 
t a t i o n s  proceed f o r  any l e n g t h  o f  t i m e .  These c r i t i c i s m s  have been 
reviewed i n  r e f e r e n c e  6 .  However, i f  one i s  c a r e f u l  w i t h  numerics 
and p h y s i c a l  i n t e r p r e t a t i o n  o f  t h e  r e s u l t s ,  i t  appears tha t  a g r e a t  
deal  can be l e a r n e d  from such a computat ion.  
F i g u r e  26 shows the  modif ied  Landing/O c o n f i g u r a t i o n  a t  
CL = 0.8 .  
v o r t i c e s  of  equa l  s t r e n g t h .  The subsequent  p o s i t i o n s  are shown i n  
f i g u r e  27 .  P l o t t e d  a l s o  are t h e  p o s i t i o n s  o f  t h e  f l a p ,  t i p  and 
u 
T h i s  load  d i s t r i b u t i o n  was r e p r e s e n t e d  by f o r t y  d i s c r e t e  
f u s e l a g e  v o r t i c e s  as ob ta ined  from a t h r e e- v o r t e x- p a i r  repre-  
s e n t a t i o n .  These c l u s t e r s  are i n  r e a s o n a b l e  agreement w i t h  t h e  
t h r e e- v o r t e x- p a i r  computa t ions .  
For a second computat ion w e  remove t h e  f u s e l a g e  v o r t e x  from 
the  modif ied  Landing/O c o n f i g u r a t i o n  as  shown by  t h e  dashed l i n e  
on f i g u r e  26, s t i l l  u s i n g  f o r t y  e q u a l  s t r e n g t h  v o r t i c e s  t o  repre- 
s e n t  t h e  t r a i l e d  v o r t i c i t y .  I n  f i g u r e  28 a comparison o f  t h e  many 
v o r t i c e s  r e p r e s e n t a t i o n  i s  made w i t h  a two- vortex- pair model. The 
r e s u l t s  are q u i t e  a c c e p t a b l e .  
F i g u r e  29 shows t h e  d i s t a n c e  between the  f l a p  and t i p  v o r t e x  
c e n t r o i d s , a s  computed above, w i t h  q u i t e  good agreement.  
The s tudy  shown i n  f i g u r e  2 5  i n d i c a t e s  t h a t  moving t h e  fuse-  
l a g e  v o r t e x  t o  20% of  t h e  semispan o f  t h e  wing causes  t h e  f l a p  
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and t i p  v o r t i c e s  t o  move i n t o  c l o s e  p rox imi ty .  The l o a d  d i s t r i -  
b u t i o n  f o r  the  LDG/O c o n f i g u r a t i o n  ( f i g .  2 2 )  w a s  a l tered inboard  
t o  c r e a t e  a f u s e l a g e  v o r t e x  o f  s t r e n g t h  
t u r n e d  o u t ,  t h e  f u s e l a g e  v o r t e x  c e n t r o i d  was l o c a t e d  a t  
The s e p a r a t i o n  between t i p  and f l ap  v o r t i c e s  as a f u n c t i o n  o f  down- 
stream d i s t a n c e  i s  shown i n  f i g u r e  30. For  t h i s  c o n f i g u r a t i o n ,  
minimum s e p a r a t i o n  o f  
However, t he  d i s t a n c e s  downstream a t  which t h i s  minimum i s  achieved 
do not  compare f avorab ly .  When t h e  f u s e l a g e  v o r t e x  i s  removed, 
so  t h a t  f l a p  and t i p  v o r t i c e s  move apart,  the  computat ion u s i n g  
a d i s t r i b u t i o n  o f  v o r t i c e s  a g a i n  compares f avorab ly  w i t h  compu- 
t a t i o n s  u s i n g  one p o i n t  v o r t e x  t o  r e p r e s e n t  each  d i s c r e t e  v o r t e x  
i n  t h e  wake. The d i sc repancy  when d i s t r i b u t i o n s  move t o g e t h e r  l i e s  
i n  t h e  i n c o r r e c t  approximation tha t  t h e  c e n t r o i d  o f  a g iven  d i s t r i -  
b u t i o n  o f  v o r t i c i t y  moves a t  t h e  v e l o c i t y  induced a t  i t s  c e n t r o i d  
by  o t h e r  c o n c e n t r a t i o n s .  
o f  t h e  c e n t r o i d  o f  a bounded r e g i o n  o f  v o r t i c i t y  i n  an i n f i n i t e  
f l u i d  i s  g iven  b y  
= - 0.47rf  . A s  i t  
j 
y/s = 0.185 . 
d/s 2 0.175 i s  reasonab ly  w e l l  p r e d i c t e d .  
I n  r e f e r e n c e  6 w e  show t h a t  t h e  v e l o c i t y  
where Tio 
o t h e r  c o n c e n t r a t i o n s  of  v o r t i c i t y  i n  t h e  f l u i d  o t h e r  t h a n  t h e  one 
whose motion i s  b e i n g  computed. A s  two d i s t r i b u t i o n s  come c l o s e  
t o g e t h e r ,  Uo may *vary s i g n i f i c a n t l y  over  < and the  motion o f  
t h e  c e n t r o i d . i s  n o t  s imp ly  t h e  f l u i d  v e l o c i t y  a t  t h e  c e n t r o i d  i n-  
duced b y  a l l  o t h e r  c o n c e n t r a t i o n s  of v o r t i c i t y .  
i s  t h e  v e l o c i t y  f i e l d  induced b y  t h e  p resence  o f  a l l  
+ 
Another s i g n i f i c a n t  r e s u l t  from t h i s  computation i s  t h a t  t h e  
c a l c u l a t i o n  which used a d i s t r i b u t i o n  o f  p o i n t  v o r t i c e s  d i d  n o t  -
show any tendency t o  merge. We add wi thou t  f u r t h e r  comment that  
the  n e g a t i v e  f u s e l a g e  v o r t e x  w a s  also i n  c l o s e  p rox imi ty  t o  t h e  
f l a p  and t i p  v o r t i c e s  d u r i n g  c l o s e s t  approach.  
It has been o u r  purpose i n  t h i s  s e c t i o n  t o  p o i n t  o u t  that  
s i m p l e  d i s c r e t e  v o r t e x  computat ions can be used t o  q u i c k l y  assess 
d 
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whether p a r t i c u l a r  l i f t  d i s t r i b u t i o n s  w i l l  r e s u l t  i n  a m u l t i p l e  
v o r t e x  wake which w i l l  merge. 
i n  p rox imi ty  of each  o t h e r ,  t h e * m e r g i n g  p r o c e s s  must e v e n t u a l l y  
occur .  An e s t i m a t i o n  o f  the  d e i n t e n s i f i c a t i o n  as a r e s u l t  o f  
merging r e q u i r e s  the  use  o f  a t r a n s p o r t a t i v e  f l u i d  mode1,such as 
t ha t  p r e s e n t e d  i n  S e c t i o n  111. I n  sum, i n v i s c i d  computat ions 
i n d i c a t e  tha t  small changes i n  a i r c r a f t  c o n f i g u r a t i o n  and,  hence,  
wing l i f t  d i s t r i b u t i o n  can have a profound e f f e c t  on wake s t r u c t u r e .  
More a c c u r a t e  knowledge o f  l i f t  d i s t r i b u t i o n s  on commercial j e t -  
l i n e r s ,  p a r t i c u l a r l y  i n  t h e  l a n d i n g  and t ake- of f  c o n f i g u r a t i o n s  
w i t h  and wi thou t  l a n d i n g  gear deployed, would g r e a t l y  a id  i n  
unders t and ing  the  dynamics o f  a i r c r a f t  v o r t e x  wakes. 
When v o r t i c e s  o f  l i k e  s i g n  remain 
V I .  CALCULATIONS OF A G I N G  I N  AIRCRAFT VORTEX WAKES 
Computations u s i n g  the  v o r t e x  wake code d i s c u s s e d  i n  S e c t i o n  111 
are p r e s e n t e d  h e r e  t o  i l l u s t r a t e  merging and t h e  s i g n i f i c a n c e  o f  
engine  exhaus t  and ambient a tmospheric  t u r b u l e n c e .  
Decay o f  a s i m p l e  v o r t e x  p a i r  
F i g u r e  31 shows the  i n i t i a l  c o n d i t i o n s  o f  the  computation o f  t he  
decay o f  a s i m p l e  v o r t e x  p a i r .  The i n i t i a l  v o r t i c i t y  and t u r b u l e n t  
k i n e t i c  energy d i s t r i b u t i o n s  were t a k e n  t o  b e  Gaussian about 
y / s f  = k 1 . Two computat ions were made w i t h  t h e  v i scous  c o r e  
r a d i u s  rc/sl  = 0 . 4  and 0.8 . The i n t e g r a l  s c a l e  parameter A / s t  
was t a k e n  e q u a l  t o  0 . 2 .  
e q u a l l y  d i s t r i b u t e d  w i t h  uu = vv = ww = q /3 The c r o s s -  
c o r r e l a t i o n s  were i n i t i a l l y  t a k e n  t o  be  ze ro .  
The t u r b u l e n t  energy components were a g a i n  
2 - - - 
The computat ions are c a r r i e d  ou t  i n  t i m e  and t h e  r e s u l t s  
t ransformed t o  downstream d i s t a n c e  through x = U co t F i g u r e  32 
shows the c i r c u l a t i o n  computed over  t h e  area y 2 0 . The c o n s t a n t  
c i r c u l a t i o n  r e g i o n  f o r  the  i n i t i a l l y  t i g h t  v o r t e x  ( rc/sf  = .4) 
i l l u s t r a t e s  t h e  s i t u a t i o n  d e p i c t e d  i n  f i g u r e  3. C i r c u l a t i o n  cannot  
d e c r e a s e  u n t i l  t h e  v o r t i c i t y  has d i f f u s e d  a c r o s s  t h e  wake. 
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The computation f o r  t h e  i n i t i a l l y  more d i f f u s e  v o r t e x  
(r-/st = . 8 )  has been c a r r i e d  downstream to a d i s t a n c e  o f  
2 c: x v / b t  = 8rAbt2/b  CL ; a t  CL = 1 and A = 7 and a r e c t a n g u l a r l y  
loaded wing, x/b -N 160  . For a B-747 a i r c r a f t  t h i s  i s  approxi-  
mately 1 0  km. Without ambient a tmospher ic  t u r b u l e n c e ,  t h e  v o r t e x  
pa i r  ages  q u i t e  s lowly .  F i g u r e  33 compares t h e  maximum root-mean- 
s q u a r e  t u r b u l e n c e  l e v e l  q between t h e  p a i r  and a computat ion 
u s i n g  a s i n g l e  i s o l a t e d  v o r t e x  hav ing  the  same i n i t i a l  c o n d i t i o n s  
as one v o r t e x  o f  the  p a i r .  The l e v e l  o f  t u r b u l e n t  i n t e n s i t y  i n  
t h e  p a i r  i s  n o t  s i g n i f i c a n t l y  d i f f e r e n t  t h a n  t h a t  computed f o r  an 
i s o l a t e d  v o r t e x ,  
I n  f i g u r e  34 w e  show t h e  rc/s '  = 0.8  c i r c u l a t i o n  as a 
f u n c t i o n  of  downstream d i s t a n c e  about  a s q u a r e  of  s i d e  
c e n t e r e d  a t  t h e  c e n t r o i d  of v o r t i c i t y  i n  t h e  h a l f- p l a n e .  A s  might 
b e  expected ,  t h e  decay of c i r c u l a t i o n  i s  f a r  more r a p i d  t h a n  t h e  
h a l f- p l a n e  v a l u e .  
2 e ,  
F i g u r e  35 shows the  computed descen t  r a t e  dh/dt  o f  t h e  - - 
v e r t i c a l  c e n t r o i d  z of  the  v o r t i c i t y .  The z i n c r e a s e s  as  a 
f u n c t i o n  o f  downstream d i s t a n c e  s i n c e  a uni form upwash has been 
added to t h e  cornputation ( o f  magnitude I'0/4rs') t o  keep t h e  v o r t e x  
p a i r  c e n t e r e d  i n  t h e  computa t ional  mesh. The descen t  r a t e  d e c r e a s e s  
as  v o r t i c i t y  d i f f u s e s  a c r o s s  t h e  a i rcraf t  c e n t e r l i n e .  
I n  f i g u r e s  36 and 37 are  shown i n s t a n t a n e o u s  s t r e a m l i n e s  a t  
t h e  beginning  and end o f  t h e  computation f o r  t h e  
computat ion.  The y,Z c o o r d i n a t e  s y s t e m  i s  one i n  which t h e  f l u i d  
a t  i n f i n i t y  i s  a t  res t ;  t h e r e f o r e ,  t h e  p a i r  descends downward. 
rc /sv = 0.8  
Merging of  e q u a l  s t r e n g t h  f l a p  and t i p  v o r t i c e s ,  i n c l u d i n g  
engine  exhaus t  
V o r t i c e s  are p o s i t i o n e d  a t  y /s  = - 095 3 - 0 4  , .4  and .95  , 
I n  t h e  r ight- hal f  p l a n e  the v o r t i c e s  are o f  e q u a l  
I n  t h e  lef t- hal f  p l a n e  t h e  v o r t i c e s  
and z / s  = 0 . 
s t r e n g t h  and of  p o s i t i v e  s i g n .  
are of e q u a l  s t r e n g t h  and n e g a t i v e  s i g n .  
b u t i o n s  are g iven  by Gaussians 
The v o r t i c i t y  d i s t r i -  
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and t h e  t u r b u l e n t  k i n e t i c  energy d i s t r i b u t i o n  about  each  v o r t e x  i s  
g iven  by 
w i t h  t h e  t u r b u l e n t  energy components a g a i n  e q u a l l y  d i v i d e d  
i n i t i a l l y .  Cross  c o r r e l a t i o n s  are i n i t i a l l y  t a k e n  t o  be z e r o .  
A second computat ion uses  t he  above i n i t i a l  c o n d i t i o n s  b u t  
adds t h e  j e t  exhaus t .  A t  a l i f t  c o e f f i c i e n t  of 1 . 5  and assuming 
CD = C T  = 0.125CL,  t h e  a x i a l  v e l o c i t y  e x c e s s  about  each  er,gine i s  
g iven  by 
= 8 . 0  exp (- 5 2 . 0  <) 
S 
r 
Taking t h e  a s p e c t  r a t i o  e q u a l  t o  7 ,  t h e  f l i g h t  speed i s  
The eng ine  exhaus t s  are Gaussians o f  e x c e s s  a x i a l  v e l o c i t y  and are 
p o s i t i o n e d  a t  
Except f o r  a v e r t i c a l  d isp lacement  of  
eng ines  exhaus t  d i r e c t l y  i n t o  the  f l a p  v o r t i c e s .  
Gaussian d i s t r i b u t i o n s  of  t u r b u l e n t  k i n e t i c  energy are p o s i t i o n e d  
a t  each  eng ine  w i t h  t h e  d i s t r i b u t i o n  g iven  b y  
40 .0 l ? /2~r s  . 
y / s  = -0.75 , - 0.4 , 0 . 4  , and 0 .75  and z / s  = - 0.08.  
z / s  = - 0 . 0 8  , t h e  inboard  
A d d i t i o n a l  
( T ) 2 = 0 . 6 4  exp(- 52 .0  
S 
The t u r b u l e n t  energy components are e q u a l l y  p a r t i t i o n e d  and t h e  
c r o s s  c o r r e l a t i o n s  t a k e n  t o  be  zero  i n i t i a l l y .  
F i g u r e  38 shows a comparison of t h e  t r a i l e d  v o r t i c i t y  i n  
i n t e n s i t y  p l o t  form. The d a r k e s t  areas have i n t e n s i t y  e q u a l  t o  
u n i t y ,  s i n c e  t h e  p l o t s  have been made by nondimensional iz ing  t h e  
v o r t i c i t y  w i t h  the maximum v a l u e  a t  x/b = 0 . A s  can be  seen ,  
the  j e t  eng ines  do n o t  h i n d e r  t h e  merging of  f l a p  and t i p  v o r t i c e s .  
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A t  twelve  spans  downstream the  j e t  eng ines  give s l i g h t l y  more 
s p r e a d i n g  of  the  t r a i l ed  v o r t i c i t y ;  hence,  t h e  lower maximum v a l u e .  
F i g u r e  39 shows t h e  i n t e n s i t y  of  t h e  t u r b u l e n t  k i n e t i c  energy.  
Note that  the  n o r m a l i z a t i o n  d i f f e r s  between the r u n  w i t h  and w i t h -  
o u t  j e t  exhaus t .  It i s  l i k e l y  tha t  appreciable r e d i s t r i b u t i o n  of  
t h e  t r a i l ed  v o r t i c i t y  i s  y e t  t o  occur  owing t o  the l a r g e  v a l u e s  o f  
t u r b u l e n t  k i n e t i c  energy i n  t h e  wake. T h i s  f e a t u r e  i s  over-  
emphasized by t a k i n g  the  i n i t i a l  i n t e g r a l  scale parameter A/s t o  
be  0 . 2  f o r  b o t h  r u n s .  The i n t e g r a l  s c a l e  parameter i n  the  
exhaus t  j e t s  should  be i n i t i a l i z e d  t o  be somewhat smaller. I n  any 
c a s e ,  the  merging phenomenon i s  n o t  s i g n i f i c a n t l y  a l tered by  j e t  
exhaus t  and i t s  accompanying t u r b u l e n c e .  
J e t  exhaus t  a x i a l  v e l o c i t y  e x c e s s  i n t e n s i t y  p l o t s  are shown 
i n  f i g u r e  4 0 .  Note t h a t  t h e  inboard  engine  exhaus t  which was 
i n t r o d u c e d  i n t o  t h e  f l a p  v o r t e x  i s  s lower  t o  decay t h a n  t h e  
exhaus t  from t h e  ou tboard  eng ine ,  a g a i n  demons t ra t ing  t h e  
suppress ion  o f  t h e  p roduc t ion  of t u r b u l e n c e  by s w i r l .  
Wake d i s s i p a t i o n  by a tmospher ic  t u r b u l e n t  d i f f u s i o n  o f  v o r t i c i t y  
There has been an  a t t empt  ( r e f .  8 )  t o  c o r r e l a t e  wake l i f e-  
t i m e  w i t h  t h e  t u r b u l e n t  d i s s i p a t i o n  r a t e  E ( o u r  model a t  h igh 
Reynolds number g i v e s  E = 0.125q / A ) .  V o r t i c e s  p r e s e n t  t h e i r  
grea tes t  hazard under s table  atmospheric  c o n d i t i o n s .  Under these 
c o n d i t i o n s ,  s c a l e s  can b e  smaller t h a n  the  c h a r a c t e r i s t i c  wake 
l e n g t h  s c a l e  - t h e  v o r t e x  spac ing .  Under these problem atmos- 
p h e r i c  c o n d i t i o n s ,  t h e  t u r b u l e n t  d i s s i p a t i o n  r a t e  does  n o t  c o n t a i n  
3 
s u f f i c i e n t  in fo rmat ion  t o  estimate t h e  d i f f u s i o n  o f  t r a i l e d  
v o r t i c i t y  b y  t h e  atmosphere.  The i n t e g r a l -  or macro- scale must be  
known. T h i s  f a c t  can b e  demonstrated by  two computat ions i n  which 
E i s  h e l d  c o n s t a n t .  For l i g h t  and l ight- to- modera te  t u r b u l e n c e ,  
w e  use  a va lue  of  
r e f e r e n c e  8. 
E 1’3 = 2 ~ m ~ / ~ / s e c  as sugges ted  i n  
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I f  w e  take A / s  = 0.2 and 2.0 , the  c o r r e s p o n d i n g  t u r b u l e n t  
k i n e t i c  e n e r g i e s  become ( 2 1 ~ s q / I ' ) ~  = 0.025 and 0.116 , 
r e s p e c t i v e l y .  These two v a l u e s  can probably  be ach ieved  i n  a 
s table atmosphere w i t h  conven t iona l  j e t l i n e r s .  
The i n i t i a l  c o n d i t i o n s  are a g a i n  Gaussians o f  v o r t i c i t y  a t  
y /s  = 2 1 of  o p p o s i t e  s i g n  t o  produce a c o u n t e r- r o t a t i n g  p a i r .  The 
v i s c o u s  c o r e  r a d i u s  i s  t a k e n  t o  be  
energy components are a g a i n  e q u a l l y  d i s t r i b u t e d  so  t h a t  
uu = vv = ww = q2/3 
t u r b u l e n t  energy components are he ld  c o n s t a n t  on the  computa t ional  
boundar ies .  
rc/s = 0 . 5 .  The t u r b u l e n t  
- - - 
i n i t i a l l y .  I n t e g r a l  s c a l e  parameter and 
F i g u r e  4 1  shows t h e  c i r c u l a t i o n  decay computed about  a box 
con tour  o f  s i d e  2e c e n t e r e d  a t  t h e  c e n t r o i d  o f  the  v o r t i c i t y .  A t  
t h e  end o f  t h e  computation ( t y p i c a l l y  a wake age o f  60 s e c ) ,  l e v e l s  
d i f f e r  by a f a c t o r  of  two. 
d i f f e r s  by approximate ly  a f a c t o r  o f  f o u r .  These r e s u l t s  do w e l l  
t o  emphasize t h e  importance o f  s c a l e  and c a u t i o n  a g a i n s t  t o o  s imple  
a p a r a m e t e r i z a t i o n  o f  t h e  atmosphere.  Obviously,  the e f f e c t s  o f  
wind shear and s t r a t i f i c a t i o n  h e l p  t o  make t h e  a n a l y s i s  o f  t h e  
i n t e r a c t i o n  o f  a v o r t e x  wake w i t h  t h e  atmosphere a most d i f f i c u l t  
one. 
More i m p o r t a n t l y ,  t h e  r a t e  o f  decay 
An i n d i r e c t  comparison can be made between t h e  above r e s u l t s  
and f i g u r e  34, which g i v e s  c i r c u l a t i o n  decay of  a v o r t e x  p a i r  i n  
a qu iescen t . a tmosphere .  The i n i t i a l  s p r e a d  o f  v o r t i c i t y  i s  
d i f f e r e n t  i n  t h a t  
atmosphere,  w h i l e  rc/s = 0 . 5  f o r  t he  above c a s e s .  The a b s c i s s a  
on f i g u r e s  32 and 4 1  are e q u a l  and so  t i m e  or downstream p o s i t i o n s  
can be compared d i r e c t l y .  The slow decay o f  the  p a i r  i n  a 
q u i e s c e n t  atmosphere i s  c l e a r l y  demonst ra ted .  The dominance o f  
t h e  atmosphere i n  c o n t r o l l i n g  the  u l t i m a t e  death o f  a v o r t e x  wake 
i s  a b s o l u t e  even f o r  low ambient t u r b u l e n c e  l e v e l s .  The t u r b u l e n t  
atmosphere may be  l i k e n e d  t o  an i n f i n i t e  r e s e r v o i r  o f  t u r b u l e n t  
k i n e t i c  energy which can, f o r  u n l i m i t e d  t i m e ,  n i b b l e  away a t  t h e  
v o r t e x  wake. 
rc/s = 0 .8  f o r  t he  pa i r  i n  the  q u i e s c e n t  
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Work i s  c u r r e n t l y  underway a t  A . R . A . P .  t o  i n v e s t i g a t e  th rough  
second-order c l o s u r e  t u r b u l e n t  modeling t h e  f l u i d  dynamics o f  the  
lower atmosphere.  T h i s  work ( p a r t i a l l y  r e p o r t e d  i n  r e f .  17) should  
g i v e  t h o s e  of  us  concerned w i t h  t h e  v o r t e x  haza rd  t h e  tools 
n e c e s s a r y  t o  a c c e s s  t h e  r a t e  of  wake a g i n g  which r e s u l t s  from 
i n t e r a c t i o n  w i t h  a dynamic atmosphere.  
VII. CONCLUSIONS AND RECOMMENDATIONS 
The phenomenon o f  v o r t e x  merging has been i n v e s t i g a t e d  e x p e r i-  
menta l ly  i n  a wind t u n n e l  and numer ica l ly  th rough  t h e  use  o f  a 
computer code, which i n c l u d e s  t r a n s p o r t  v i a  a second- order c l o s u r e  
t u r b u l e n t  model. It i s  shown t h a t  t h e  merging phenomenon between 
l i k e- s i g n e d  v o r t i c e s  i s  a mechanism which r e s u l t s  i n  r e d i s t r i b u t i o n  
of  t h e  t r a i l e d  v o r t i c i t y  th rough  convec t ive  and t u r b u l e n t  mechanisms. 
T h i s  r e d i s t r i b u t i o n  i s  one which e x t e n s i v e l y  spreads t he  v o r t i c i t y  
over  t h e  wake and t h e r e f o r e  h a s t e n s  t h e  decay p r o c e s s .  Comparisons 
between exper imen ta l  o b s e r v a t i o n s  o f  v o r t e x  merging and numer ica l  
s i m u l a t i o n  o f  t h e  phenomenon a re  f a v o r a b l e .  
The u s e f u l n e s s  of  d i s c r e t e  p o i n t  v o r t e x  computat ions t o  i n-  
v e s t i g a t e  wake geometry and s t r u c t u r e  i s  d i s c u s s e d ,  It i s  shown 
t h a t  small changes i n  t h e  s t r e n g t h  and/or i n i t i a l  p o s i t i o n  o f  t h e  
f u s e l a g e  v o r t e x  can have a profound e f f e c t  on t h e  s t r u c t u r e  o f  t h e  
mul t ip le- vor tex- pa i r  wake. 
Using t h e  t r a n s p o r t a t i v e  code, computat ions have been r u n  
which demonst ra te  merging between l i k e- s i g n e d  and s t r e n g t h  f l a p  
and t i p  v o r t i c e s  w i t h  and wi thou t  engine  j e t  e x h a u s t .  The merging 
phenomenon does  no t  appear t o  be s i g n i f i c a n t l y  a l t e red  by t h e  j e t  
e x h a u s t .  
The e f f e c t  o f  ambient a tmospher ic  t u r b u l e n c e  on the  a g i n g  o f  
a n  a i r c r a f t  wake i s  i n v e s t i g a t e d  a t  c o n s t a n t  t u r b u l e n t  d i s s i p a t i o n  
r a t e .  It i s  shown tha t  under s table  a tmospher ic  c o n d i t i o n s ,  when 
a tmospher ic  macrosca les  may be less t h a n  or e q u a l  t o  the  v o r t e x  
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spac ing ,  mis lead ing  r e s u l t s  may be  o b t a i n e d  i f  v o r t e x  a g i n g  i s  
c o r r e l a t e d  on ly  w i t h  t h e  t u r b u l e n t  d i s s i p a t i o n  ra te .  
c a u t i o n s  a g a i n s t  u s i n g  one parameter t o  c h a r a c t e r i z e  t h e  a b i l i t y  
o f  the atmosphere t o  d i s s i p a t e  a i r c r a f t  wake v o r t i c e s .  
T h i s  r e s u l t  
The technology now e x i s t s  t o  i n v e s t i g a t e  the  complex con- 
v e c t i v e  and d i f f u s i v e  p r o c e s s e s  i n  a i r c r a f t  v o r t e x  wakes. However, 
t o  use  t h i s  technology r e q u i r e s  an a c c u r a t e  d e s c r i p t i o n  o f  the wing 
l o a d  d i s t r i b u t i o n  - a q u a n t i t y  n o t  eas i ly  p r e d i c t e d  f o r  all bu t  
c ru i se- conf igured  wings.  
d i s t r i b u t i o n s  be  ob ta ined  e x p e r i m e n t a l l y  f o r  t h e  B-747 a i r c r a f t .  
These data  w i l l  s u r e l y  be  of use  i n  b o t h  unders t and ing  t h e  i n t e r -  
a c t i o n s  which r e s u l t  i n  a minimum hazard  wake as w e l l  as pe r-  
m i t t i n g  t h i s  technology t o  be  t r a n s f e r r e d  t o  o t h e r  jumbo j e t l i n e r s .  
It i s  recommended t h a t  a c c u r a t e  load  
There i s  y e t  t h e  problem o f  ground p lane- vor tex  wake i n t e r -  
a c t i o n .  Hopeful ly ,  t h e  merging phenomenon w i t h  i t s  r e s u l t i n g  
t r a n s p o r t a t i v e  mechanisms w i l l  s t i l l  be a c t i v e .  
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F i g u r e  4 .  The l aminar  v i scous  c o r e  of  an a i r c r a f t  v o r t e x .  
The smoke shows t h e  e f f e c t  o f  h i g h e r  t u r b u l e n c e  
l e v e l  i n  t h e  su r round ing  atmosphere ( re f .  1 8 .  
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Figure  5.  The s u p e r e q u i l i b r i u m  t u r b u l e n t  k i n e t i c  energy and 
v o r t i c i t y  d i s t r i b u t i o n  i n  a. Lamb v o r t e x .  
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Aircraft /I 
passage 
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30 spanlengths 
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45 spanlengths 
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Figure  6 .  Merging i n t e r a c t i o n  of a t i p  and a f l a p  v o r t e x  as 
ske tched  by Dunham ( r e f .  9 ) .  
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initially 
Figure 7. The computational domain and the isopleths of the 
initial vorticity distribution. The computational 
boundaries are moved outward as the computation 
proceeds. 
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tI'/.rrdL = 0,O ; Pmin/Pn = 1 . 0  
t I ' / n d 2  = 2 . 6 7  ; Pmin/Pn = 0 . 5 2  
-I- 
t F / n d 2  = 4 . 0  ; Pmin/Pn = 0.65  
Figure 8. Pressure ihtensity p l o t s  for the merging of two e ual 
strength, like-signed vortices. Pn = -6.Op,(r/.rrd) 3 . 
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t r /Td2  
F igure  
t r / r d 2  = 1.33 ; Smax/Cn = 0.58 
9 .  V o r t i c i t y  i n t e n s i t y  plots for t h e  merging of  t o equa l  = 14.8r/~d 5 . s t r e n g t h ,  l i k e- s i g n e d  v o r t i c e s .  C n  
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= 0 . 3  t r / ad2  = 1 . 3 3  ; qrnaX/q, 2 
= 0.52 t r / ad2  = 2.67  ; qrnax/qn 2 = 1 . 0  t r / n d 2  = 4 . 0  ; qmax/qn 
2 
F i g u r e  10. Turbulent  k i n e t i c  energy i n t e n s i t y  p l o t s  f o r  t he  
merging o f  two equal s t r e n g t h ,  l i k e- s i g n e d  
= 0 . 5 4 ( r / m P  . 
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Figure  11. 
Two equal st re ngt h, 
vor t i ces  
I 2 3 4 5 
tr 
2 2 7 s  
Comparison of  t h e  t u r b u l e n t  k i n e t i c  energy as a 
f u n c t i o n  of  t i m e  between a n  i s o l a t e d  v o r t e x  and 
two equa l  s t r e n g t h ,  l i ke- s igned  v o r t i c e s .  
98 
F i g u r e  1 2 .  V i e w  o f  t h e  A . R . A . P .  wind t u n n e l  ( t o p )  and t h e  
v o r t e x  g e n e r a t o r  a i r f o i l s  (bot tom) .  
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x/d=18 x/d = 30  x / d = 5 4  
x / d = 6 6  x / d = 7 8  x/d =90  
x/d= I I4 x /d=126  x /d=138  
F i g u r e  13.  Smoke p i c t u r e s  o f  t h e  merging of  two v o r t i c e s  o f  l i k e  
s i g n  and s t r e n g t h  a t  s e v e r a l  downstream l o c a t i o n s .  The 
a i r f o i l  a n g l e s  o f  a t t a c k  are a le r t  = - 6 O  and 
a r i g h t  - + 6 O  and t h e  t i p  spac ing  d = 1 . 2 7  em. 
100 
0 
d- 
II 
Y 
X 
d- 
N 
I I  
X 
....... .;:. 
00 
00 
I 1  
E! 
X .>.  :.:.:
;:;;;::* ::>:;, 
'{;A+:. 
.*.* . .*.. . *.'.>. 1' * 
........... 
....... ...... *.>' 
. .:...... 
c\I 
r- 
II 
T1 
X 
6, a, II 
E o  
0 .r( w 
0-u k 
101 
F i  gure  15.  Smoke p i c t u r e s  of  t h e  i n t e r a c t i o n  of  one v o r t e x  
of  c o n s t a n t  s t r e n g t h  w i t h  a n o t h e r  o f  v a r y i n g  s t r e n g t h  
and s i g n .  The ax i a l  s t a t i o n  i s  x/d = 55.4 and t h e  
t i p  s p a c i n g  d = 2 . 0 6  cm. 
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d=2.54cm, x / d = 6 3  =2.54cm, x/d = 6 3  
Continuous il lum ina t io n Flash i l lumination 
d=0.95cm, x/d=184 
Con t inuou s i I I u m in at ion F lash illumination 
d =O.95 cm , x i d  = I 8 4 
Figu re  17. I l l u s t r a t i o n s  o f  t h e  smoke p a t t e r n s  under con t inuous  
(1/2 see exposure ,  l e f t )  and f l a sh  (1 /2800 sec 
. exposure ,  r i g h t )  i l l u m i n a t i o n .  
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~ Aircraft  
center 1 in e 
S 
Figure  1 8 .  Geometry f o r  t h e  c a l c u l a t i o n  o f  t h e  downstream 
l o c a t i o n  of v o r t e x  c e n t r o i d s .  
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Figure  19. Vortex c e n t r o i d  l o c a t i o n s  as seen  from down- 
s t ream w i t h  s t r o n g  i n t e r a c t i o n  between 
ne ighbor ing  v o r t i c e s  ( r e f .  6 ) .  
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F i g u r e  20 .  Vortex c e n t r o i d  l o c a t i o n s  as s e e n  from down- 
stream w i t h  weak i n t e r a c t i o n  between l i k e -  
s igned  v o r t i c e s  - p a i r s  d i v e r g e .  The t i m e  
i n t e r v a l  between consecu t ive  i n t e g e r s  i s  a 
c o n s t a n t  ( r e f .  6 ) .  
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Figure 22. Predicted spanwise lift distribution; LDG/O 
configuration (ref. 16). 
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Figure  2 3 .  T r a j e c t o r i e s  o f  t h e  c e n t r o i d s  of d i s c r e t e  v o r t i c e s  
genera ted  by t h e  LDG/O c o n f i g u r a t i o n  (see f i g .  2 2 ) .  
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A T i p  vortex 
0 
Figure  27. Comparison between usLng forty point; vortices to 
r e p r e s e n t  t h e  t r a i l e d  sheet  o f  v o r t i c i t y  and u s i n g  
t h r e e  p o i n t  v o r t i c e s  l o c a t e d  a t  +,he c e n t r o i d  o f  the 
t i p ,  f l a p ,  and f u s e l a g e  v o r t i c e s  as shown i n  
f i g u r e  2 6 .  @ deno tes  c e n t r o i d  corrputcd from t h e  
t h r e e- v o r t e x  computat ion.  
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F i g u r e  31. I n i t i a l  v o r t i c i t y  and t u r b u l e n t  k i n e t i c  energy 
d i s t r i b u t i o n s  used i n  t h e  computat ion of  t h e  decay 
of a v o r t e x  p a i r  i n  a q u i e s c e n t  a tmosphere,  
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Figure 36. Instantaneous streamlines at l"t /2.rrst2 = 0.0 and 8.0. 
The descent of the pair is stopped by addin an upwash 
o f  I'/4nsf . Streamlines shown f o r  rt/2.rrs1' = 8.0 have 
been reflected across the y = 0 axis. 
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Figure 37. Instantaneous streamlines at Tt /2 . r r s r2  = 0.0 and 8.0. 
The upwash added in Figure 36 has been removed and the 
pair permitted to descend. Streamlines shown f o r  
rt/2.rr s = 8.0 have been reflected across the y = 0 
axis. 
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Figu re  39. I n t e n s i t y  p l o t s  o f  t he  
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Figure 40. Intensity p l o t s  of the jet exhaust axial velocity 
excess. AU = 8.Or/27rs . n 
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Figure  4 1 .  Decay of c i r c u l a t i o n  i n  a c o u n t e r- r o t a t i n g  v o r t e x  p a i r  
immersed i n  a t u r b u l e n t  atmos 
t u r b u l e n t  d i s s i p a t i o n  r a t e  ( E  
f i g u r e  34. 
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